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Exercise 1: Invert the thermo-elastic constitutive relation of strains in terms of stresses,

1 A
& :Z(%_m@k‘sﬁ}*“@_%)éﬁ (@)

to obtain the thermos-elastic relation of stresses in terms of strains,
o, =2us; + 26,6, —BA+2w)a (T -T,)5; . (b)
Solution:

From (a) we have

gii:L O-ii_Lo-kké‘ii '*'0‘(71_12))5;‘:‘:L O-ii_io-kk +30‘(T_To)
2u 3A+2u 2,u 3A+2u
_ BA+2u)o, 340, ey (T T) BA+2u)o,, —310, +3a(T—T0)
2u 3A+2u 2,u 34+2u
L MO | 34(r-1))= +3a(T-T,)
Z,u 3A+2u 3A+2u

=0, =(3A+2u)e, ~3aB3A+2u)(T-T,) = B3A+2u)[ &, ~3a(T-T,)]

Introduce the last expression into (a) and solve for the stress

1
& =Z(%_3Z+2,u(3/1+2'u)(8”_3a(T_%))5'jj+a(T_%)dj
g, = ;ﬂ[a - 1,6, +32a(T-T,)5, |+a(T-T,)s,

o, =2us, + A&,5, —(3A+2u)a(T~T,)8,

i ij

The last expression is relation (b).
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Exercise 2: Use the stress and strain relations in Exercise 1 to express the strain energy density

1
WZE 9

in terms of strains for a thermoelastic solid.

Solution: Introduce the stresses in the expression for energy and carry out the calculations,

1 1
S0 =54 [2pe, + 2,8, - (BA+2wa(T-T,)5, |
2 2 (A+24)
=5 Hei +Egkkgi/’5ii _T“(T_T())ngé‘zf

2
Ma(T_%)g[[

i

A
= peE,; + 7 S

=W(s,)=ps,&; + %Ekkgﬂ. —Ma (T-T,)e,
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Exercise 3: Calculate the stresses in the cupper (Cu) and steel (Ac) stress as well as the
changes in the height A% of the two rigid plates when the temperature of the assembly in
the Figure is increased by AT.

During the thermal loading:

(a) there is no friction along the interface between the two materials. (b) two rigid plates
remain parallel. (¢) we consider 4 >> d and the horizontal stresses negligible.

The sections and the material properties are known:
Cu(o,E F),Ac (a,,E, F,) with o, > a., .

Solution: Due to the differences in thermal expansion coefficients and the constraints of the two
rigid parallel plates, stresses will develop in the assembly. Due to 4 >> d, the loading is
considered uniaxial. The developed thermal stresses are taken uniform in a typical section away
from the rigid plates as shown in the Figure below.

For simplicity we set

FCu_)Fi; aCu_)al; ECu_)El
Fo=>6 a,>a; E, 2L
O-Cu - O-l

O, —0,

]

u JAC GCM

O¢

The following two equations are relevant:

Compatibility of Deformation: The vertical change in length for each material is the same due
to the parallel constraints:
M= Z2h+a,hAT | =| -ZLh+ahAT (1)
E Ac E Cu

2 1

Force equilibrium:

o,f, -0 f; =0 )
From (1)

O-l 0-2

—+—==(a,—a, )AT 3

%D (e ar) ®)
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From (2)
F,
o, =0, ?? “4)
Introduce (4) in (3)
F. E, F,
D245 (-0, ) AT =22 14222 | =22 (14 m) = (a, -, ) AT,
El F{ EZ EZ El E E2
where m = LE
E, F
E .
o,=(a,—a,) 1 +2m AT Stress proportional to the temperature changes.
From (2)
E, F E FEE
o, =(a,—a,)——=2AT =(a, —a,)———2Z2AT
I+m F 1+m FE
mkE,

=0, =(a,—a,)

1+m

From (1) for A4c:

A= v AT |h=] (@ -a) Lt AT + AT |
E 1+mE

2 2

Ah = (az + (o —az)LjATh
1+m
Similarly for Cu:

m
Ah =(al —(a —az)mjATh.

AT  Stress proportional to the temperature changes.
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